, then in every 2-colouring of the edges of G there is a monochromatic P n . In other words, the Ramsey number of a path does not change if the graph to be coloured is not complete but has large minimum degree.
Introduction
The path-path Ramsey number was determined in [7] and its diagonal case (stated for convenience for even paths) is that R(P 2n , P 2n ) = 3n − 1, i.e., in every 2-colouring of the edges of K 3n−1 , the complete graph on 3n − 1 vertices, there is a monochromatic P 2n , a path on 2n vertices. An easy example shows that K 3n−2 can be 2-coloured with no monochromatic P 2n . It is a natural question to ask whether a similar conclusion is true if K 3n−1 is replaced by some subgraph of it. One such result was obtained in [10] , where it was proved that in every 2-colouring of the edges of the complete 3-partite graph K n,n,n there is a monochromatic P (1−o(1))2n . The following conjecture of Schelp [15] states that K 3n−1 can be replaced by a graph G of large minimum degree δ(G). Conjecture 1.1. Suppose that n is large enough and G is a graph on 3n − 1 vertices with minimum degree larger than 3|V (G) | 4 . Then, in any 2-colouring of the edges of G there is a monochromatic P 2n .
Schelp's conjecture is stated in its original form as in [15] , but it is probably true for every n 1. In fact, apart from Theorem 1.6, all results we prove here are valid for every n.
Schelp also noticed that the condition on the minimum degree in Conjecture 1.1 is close to best possible. Indeed, suppose that 3n − 1 = 4m for some m and consider a graph whose vertex set is partitioned into four parts A 1 vertices, much smaller than 2n, while the minimum degree is 3m − 1 = 3(3n−1) 4 − 1. Thus, and this makes the conjecture surprising, even a minuscule increase in the minimum degree results in a dramatic increase in the length of the longest monochromatic path. Schelp notes in [15] (citing [16] ) that he proved that there exists a c < 1 for which Conjecture 1.1 holds if the minimum degree is raised to c|V (G)|.
We will prove Ramsey-type results leading to an asymptotic version of Conjecture 1.1. As a first step, we have Theorem 1.2 and its diagonal case, Corollary 1.3, a weaker form of Conjecture 1.1, where paths are replaced by matchings. This is a 'traditional' 3-colour Ramsey-type result which strengthens significantly (the 2-colour case of) a well-known result of Cockayne and Lorimer [3] .
Let nK 2 denote a matching of size n, i.e., n pairwise disjoint edges, and let S t be a star with t edges. The Ramsey number for two matchings (in fact for any number of matchings) was determined in [3] as R(n 1 K 2 , n 2 K 2 ) = 2n 1 + n 2 − 1 for n 1 n 2 . The next result extends this, as it implies that the Ramsey number for two matchings does not change if a graph of maximum degree n 1 − 1 is deleted from K 2n 1 +n 2 −1 . It is worth noting that the Ramsey number for many stars and one matching was determined in [4] . Theorem 1.2. Suppose that n 1 n 2 1 and t 1. Then
Next we have Theorem 1.4, which is still weaker than Conjecture 1.1 but gives a monochromatic connected matching (a monochromatic matching all of whose edges are in the same component of the relevant colour) of the right size. This is the main result of the paper. . Then, in every 2-colouring of the edges of G there is a monochromatic connected matching of size n.
It is worth mentioning the following lemma, which is used in the proof of Theorem 1.4. A well-known remark of Erdős and Rado says that in a 2-coloured complete graph there is a monochromatic spanning tree. For a survey of results arising from this remark, see [8] . Lemma 1.5 extends the remark from complete graphs (where δ(G) = |V (G)| − 1) to graphs of large minimum degree. Lemma 1.5. Suppose that the edges of a graph G with δ(G)
are 2-coloured. Then there is a monochromatic component with order larger than δ(G). This estimate is sharp.
In Section 4 we outline how Theorem 1.4 and the Regularity Lemma imply Theorem 1.6, the asymptotic form of Conjecture 1.1. This technique is established by Luczak in [13] and used successfully in many recent results: see, e.g., [2] , [6] , [9] , [10] and [11] . Theorem 1.6. For every η > 0 there is an n 0 = n 0 (η) such that the following is true. Suppose that G is a graph on n n 0 vertices with δ(G) > ( We note that Benevides, Luczak, Scott, Skokan and White [1] recently proved Conjecture 1.1.
Proof of Theorem 1.2
To see that the Ramsey number cannot be less than claimed in Theorem 1.2, consider a partition of n 1 + n 2 + max{t, n 1 } − 2 vertices into three sets, A, B, C of size n 1 − 1, n 2 − 1, max{t, n 1 }, respectively. Colour all edges incident to some vertex of B blue. From the remaining uncoloured edges, colour red those that are incident to A. If t > n 1 then all edges within C remain uncoloured (or might be viewed as the 'star-colour'). If t n 1 then |C| = n 1 , and in this case colour all edges red within C. (In fact this is the 2-colouring of K 2n 1 +n 2 −1 that does not have a monochromatic matching of size n i in colour i.) Clearly, there is no S t in the star-colour, there is no red n 1 K 2 and no blue n 2 K 2 .
To prove the other direction, consider a graph G with f(n 1 , n 2 , t) vertices, where
and consider an arbitrary red-blue colouring of the edges of G. We show that there is either a vertex non-adjacent to at least t vertices or a red matching of size n 1 or a blue matching of size n 2 . Note that the case t < n 1 obviously follows from the case t = n 1 , so we may assume that |V (G)| = n 1 + n 2 − 1 + t and t n 1 n 2 . We use induction on n 1 , for n 1 = 1 (thus n 2 = 1); the statement is obvious for every t.
In the inductive step we reduce the triple (t, n 1 , n 2 ) to (t, n 1 − 1, n 2 ) if n 1 > n 2 and to (t, n 1 − 1, n 1 − 1) if n 1 = n 2 . In both cases we assume that every vertex of G is non-adjacent to at most t − 1 vertices. Depending on which case we have, either there is a red matching of size n 1 − 1 or a blue matching of size n 2 or a blue matching of size n 1 − 1. If there is a blue matching of size n 2 there is nothing to prove. Otherwise, by switching colours if necessary, we may assume that there is a red matching of size n 1 − 1, and our goal is to find a blue matching of size n 2 .
Using the Gallai-Edmonds structure theorem (in fact the Tutte-Berge formula suffices) for the subgraph G R ⊂ G with the red edges, we can find
the number of odd components of V \ X in G R is t − n 1 + n 2 + 1 + |X|. We consider the union of all even connected components of V \ X as one special component, and label the components as C 0 , C 1 , . . . C m so that |C 0 | is the largest component, and either m = t − n 1 + n 2 + |X| (if all components are odd), or m = t − n 1 + n 2 + 1 + |X| (if there are non-empty even components). Note that m 1.
Let H be the graph with vertex set V (G) \ X and with edge set those edges of G that connect different C i . Obviously all edges of H are blue. We are going to prove that H has a (blue) matching of size n 2 . Note that X together with one vertex from each odd component must be in V (G), thus
If H has minimum degree at least n 2 , then (using that |V (H)| 2n 2 ) a well-known lemma in [5] implies that H has a matching of size n 2 and the proof is finished. Thus we may assume that there is a component C i and y ∈ C i such that d H (y) < n 2 . Then,
and we get that |C i | > n 1 − |X|, and since |X| n 1 − 1, we can write |C i | = n 1 − |X| + k with some integer k 1. In fact, C i = C 0 because we cannot have any other component C j as large as C i , otherwise 
(2.1) On the other hand, for any y ∈ C i with i > 0,
because, apart from at most t − 1 non-adjacency cases, y is adjacent to vertices of C 0 and to at least one vertex of at least m − 1 t − n 1 + n 2 + |X| − 1 components. We show, with the folkloric argument of the lemma in [5] cited above (in fact it is credited there to Dirac), that conditions (2.1) and (2.2) ensure a matching of size n 2 in H. Suppose that D \ M = ∅. Then |D| = |M| = s n 2 − 1 implies that V \ X has at most n 2 odd components (vertices of D and C 0 ) in G R . However, as we have seen above, V \ X has t − n 1 + n 2 + 1 + |X| > n 2 odd components in G R , a contradiction. 2 , which allows us to use the same argument as in the previous paragraph, to show that M * has size at least n 2 . We conclude that G has a blue matching of size n 2 . . If U = V \ V (C 1 ) = ∅ then U is covered by a blue component C 2 , because from the minimum degree condition the set of blue neighbours of any two vertices in U intersects in C 1 
. Observe that there are no edges of G in the bipartite graph
We apply Theorem 1.2 to the subgraph spanned by A in G with parameters t = 3n− 1 4 , n 1 = n − q, n 2 = n − p. To do this, we need to check that n 2 = n − p 1. This is obvious if q > 0, since then p < n as noted in the previous paragraph. On the other hand, if q = 0, i.e., V (C 1 ) = V , we need another argument, in fact similar to the one used in the proof of Theorem 1.2. Observe that the largest red matching in C 1 is automatically connected, and thus we may assume it has m < n edges. Applying the Tutte-Berge formula for the red graph, we can find a set X ⊂ V whose removal leaves at least c = 3n − 1 − 2m + |X| odd components. Let H be the blue subgraph of G whose vertex set is V \ X and whose edge set is the set of blue edges of G that go between the red components of V \ X. Note that |X| n − 1, otherwise G has at least c + |X| = 3n − 1 − 2m + 2|X| > 3n − 1 vertices, a contradiction. Thus |V (H)| 2n. We show that H is a connected graph. Indeed, otherwise V (H) can be partitioned into two non-empty sets P , Q so that there are no edges in the bipartite subgraph [P , Q] of H, without loss of generality, let |P | n. If P intersects each of the c red components in V \ X, then any v ∈ V (H) \ P is non-adjacent in G to at least c − 1 n vertices, one vertex in all components not containing v. On the other hand, if P does not intersect a red component, then a vertex v from that component is non-adjacent in G to all vertices of P . In both cases we find a vertex v non-adjacent to at least n vertices and that contradicts the assumption δ(G) >
. We conclude that H is connected (in blue), i.e., we may assume |V (C 2 )| 2n, implying p = |V | − |V (C 2 )| n − 1, and therefore n 2 = n − p 1 as required.
We claim that with our above choices of the parameters t, n 1 , n 2 we have |A| = 3n − 1 − p − q R(S t , n 1 K 2 , n 2 K 2 ). Indeed, for t n 1 we have to check that 3n − 1 − p − q 2(n − q) + n − p − 1, which reduces to q 0. For t > n 1 we have to check 3n − 1 − p − q n − p + n − q − 1 + t, which reduces to n t, obviously true for our choice of t. Thus, by Theorem 1.2 we have either a vertex with t edges missing from it or a red matching of size n − p or a blue matching of size n − q. The first possibility contradicts the minimum degree assumption on G. Thus we have one of the other two possibilities when we claim that the matchings are extendible to the required size.
Indeed, assume that M is a red matching of size n − p in G [A] . Every edge from V (C 1 ) \ A to A is red. The red degree of any v ∈ V (C 1 ) \ A towards A is at least P = 3(3n−1) 4
− p, and we claim that P 2(n − p) + p. Indeed, the inequality reduces to
2n, which is obvious. Thus all the p vertices in V (C 1 ) \ A are adjacent to at least p vertices of A \ V (M), and that clearly allows us to extend M by p red edges to a red matching of size n.
Similarly, a blue matching M of size n − q can be extended (for q = 0 no extension is needed of course) by checking the inequality Q = 3(3n−1) 4
− q 2(n − q) + q, which in fact reduces to the same inequality as in the previous case and finishes the proof.
Building paths from connected matchings
Here we sketch how to get Theorem 1.6 from Theorem 1.4 and the Regularity Lemma [17] . The material of this section is fairly standard by now, so we omit some of the details. Combining the degree form and the 2-colour version of the Regularity Lemma, we get the following version. (For these and other variants of the Regularity Lemma see [12] .) 
with the following properties: • all pairs G s | V i ×V j , 1 i < j l, 1 s 2, are ε-regular.
Let G be a graph on n n 0 vertices with δ(G) > ( We remove at most two vertices from G R to make sure that the number of vertices has the form 3k − 1. Then, applying Theorem 1.4 to the 2-coloured G R , we get a connected monochromatic matching saturating at least 
